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We complete the list of one loop renormalization group equations and matching conditions relevant
for the computation of the electroweak precision parameters S and T in the three site Higgsless
model. We obtain one-loop formulas for S and T expressed in terms of physical observables such as
the KK gauge boson mass MW ′ , the KK fermion mass M , and the KK gauge boson (W
′) couplings
with light quarks and leptons gW ′ff . It is shown that these physical observables, MW ′ , M and
gW ′ff are severely constrained by the electroweak precision data. Unlike the tree level analysis
on the ideally delocalized fermion, we find that perfect fermiophobity of W ′ is ruled out by the
precision data. We also study the cutoff dependence of our analysis. Although the model is non-
renormalizable, the dependence on the cutoff parameter Λ is shown to be non-significant.
PACS numbers: 12.60.Cn, 12.15Lk
I. INTRODUCTION
Does a scalar Higgs boson necessarily exist as re-
quired in the standard model? Higgsless models[1] pro-
vide a negative answer to this question, achieving the
electroweak symmetry breaking (EWSB) without in-
voking an elementary Higgs particle[2]. The unitarity
of longitudinally polarized W and Z boson scattering
is effectively maintained beyond the TeV energy scale
by the exchange of an infinite tower of massive spin-1
particles[3, 4, 5, 6], rather than a spinless Higgs bo-
son. These massive spin-1 particles may be provided
as Kaluza-Klein (KK) modes (W ′, W ′′, W ′′′ · · · , Z ′,
Z ′′, Z ′′′ · · · ) of five dimensional gauge fields compact-
ified on a TeV scale interval with appropriate bound-
ary conditions[7, 8, 9, 10]. Deconstruction[11, 12] of ex-
tra dimensions enables us to construct four dimensional
gauge invariant phenomenological models which approxi-
mate the five dimensional Higgsless theories. The decon-
structed Higgsless models[13, 14, 15, 16, 17, 18, 19] (or
linear Moose[20] models) can be used as tools to compute
the low energy properties of Higgsless theories below the
cutoff scale.
Higgsless models are often regarded as “dual”[21,
22, 23, 24] to models of dynamical EWSB[25, 26]
such as “walking technicolor”[27, 28, 29, 30, 31, 32].
The deconstructed version of the Higgsless model pos-
sesses extended electroweak gauge symmetries, which
can be thought as analogues of hidden local symme-
tries (HLS)[33, 34, 35, 36, 37, 38] and the vector limit
symmetry[39] in the dynamical chiral symmetry breaking
of QCD. The gauge sector of the Higgsless model there-
fore has some similarities to the BESS models[40, 41].
Any phenomenologically viable EWSB model should
satisfy constraints from the precision electroweak
parameters[42, 43, 44]. An analysis in a very gen-
eral class of linear Moose model shows that a Hig-
gsless model with brane localized fermion cannot sat-
isfy simultaneously both unitarity bounds and preci-
sion electroweak constraints at tree level.[19] Delocalizing
fermions within the extra dimension may reduce signifi-
cantly the sizes of electroweak corrections.[45, 46, 47, 48]
In the deconstruction language the delocalizing fermions
may be achieved by allowing fermions to derive elec-
troweak properties from more than one site over the de-
construction lattice.[49, 50, 51] It has been shown that,
for an arbitrary Higgsless model with “ideally” delocal-
ized fermions[51], three (Sˆ, Tˆ ,W ) of the leading zero-
momentum precision electroweak parameters defined by
Barbieri et al.[52, 53] vanish at tree level. Moreover, the
ideal delocalization implies fermiophobic W ′. Presently
existing direct W ′ searches cannot be applied for such
a fermiophobic W ′ boson. The strongest constraints
on the W ′ and Z ′ masses in the Higgsless models then
come from the limits on deviations in multi-gauge-boson
vertices.[54, 55]
Recently, a three site Higgsless model[56] has been
proposed. This theory incorporates only three sites
on the deconstruction lattice, and may be regarded as
the simplest deconstructed Higgsless model. The three
site model possesses the same gauge group structure as
that of the BESS model[40, 41]. The new interest is
aroused in its fermion sector such as the fermion delo-
calization. The fermionic loop correction to the ρ pa-
rameter (T parameter) has been calculated in the Hig-
gsless model.[56, 57] With the aid of electroweak chiral
Lagrangian[58, 59, 60, 61, 62, 63], and using the tech-
nique described in [37, 38], the bosonic chiral logarith-
mic loop corrections[64, 65] to the electroweak precision
parameters have been evaluated in [66, 67, 68, 69].
In this paper, we further investigate the structure of
one loop radiative corrections in the three site Higgsless
model, and present the complete list of one loop renor-
malization group equations and matching conditions rel-
evant for the computation of S and T including all of
fermionic- and bosonic-loop corrections. We obtain one-
loop formulas S and T expressed in terms of physical
observables such as the KK gauge boson mass MW ′ , the
KK fermion mass M , and the W ′ couplings with light
quarks and leptons gW ′ff . It is shown that the W
′ff
2couplings and the KK fermion mass are severely con-
strained by the electroweak precision parameters. Unlike
the tree level analysis on the ideally delocalized fermion,
we find that the W ′ boson needs to have non-vanishing
coupling with light fermions in order to satisfy the pre-
cision electroweak constraints. The dependence on the
ultraviolet cutoff parameter is also studied. In spite of
the non-renormalizability of the model, we find the cutoff
dependence is not significant in the numerical analysis.
The next section of the paper introduces the gauge
sector Lagrangian, the symmetry breaking sector La-
grangian, and the fermion sector Lagrangian. We present
the fermion sector Lagrangian above the KK fermion
mass scale M and obtain the effective fermion sector
Lagrangian after integrating out the KK fermion fields
below M . A new operator x′1, which affects the on-shell
W ′ff coupling strength, needs to be introduced to ab-
sorb the one loop divergence. In Section III, we sum-
marize the renormalization group equations relevant for
the computation of S and T parameters. Section IV is
for the matching conditions to the electroweak chiral La-
grangian. Section V then gives our final results on the
S and T parameters expressed in terms of physical ob-
servables. We then compare our formulas with the pre-
cision electroweak data in Section VI, and find that the
W ′ff couplings and the KK fermion mass are severely
bounded. Especially, it is shown that the precision elec-
troweak data reject the perfect fermiophobity of the W ′
boson. Section VII summarizes the results of our analy-
sis. The renormalization group equation of the operator
x′1 is derived in the Appendix A.
II. THREE SITE HIGGSLESS MODEL
In this section we make a brief review on the three site
Higgsless model[56]. Higher order counter terms, as well
as the lowest order Lagrangian terms, are introduced so
as to subtract one-loop divergences.
A. Gauge symmetry and its breaking
We first consider the gauge sector Lagrangian in the
three site Higgsless model. The Moose diagram of this
model is illustrated in Figure 1. The model incorporates
SU(2)×SU(2)×U(1) gauge fields Viµ (i = 0, 1, 2) and two
SU(2) non-linear sigma model fields Ui (i = 1, 2). The
VEVs 〈U1〉 and 〈U2〉 break the gauge symmetry down
to U(1)em. The model therefore possesses W
′ and Z ′
bosons, identified as the KK gauge bosons, in addition to
the usual W , Z and photon. The corresponding lowest
order Lagrangian L2 is given by
L2 =
2∑
i=1
f2i
4
tr
[
(DµUi)
†(DµUi)
]− 2∑
i=0
1
2g2i
tr [ViµνV
µν
i ] ,
(II.1)
FIG. 1: The three site Higgsless Moose diagram. Sites 0
and 1 represent SU(2) gauge fields with coupling strengths
g0 and g1. Site 2 corresponds to a U(1) gauge field with
coupling strength g2. The non-linear sigma model field U1
(U2) is denoted by link between sites 0 and 1 (sites 1 and 2).
The left-handed fermions ψL0 and ψL1 feel the gauge fields at
sites 0 and 1, while the right-handed fermions ψR1 and ψR2 at
sites 1 and 2. The dashed green lines represent corresponding
Yukawa couplings.
where DµUi and Viµν are defined as
DµUi ≡ ∂µUi + iV(i−1)µUi − iUiViµ, (II.2)
Viµν ≡ ∂µViν − ∂νViµ + i[Viµ, Viν ]. (II.3)
The first two gauge fields (i = 0, 1) correspond to SU(2)
gauge groups,
Viµ =
∑
a=1,2,3
τa
2
V aiµ, for i = 0, 1, (II.4)
while the last gauge field (i = 2) corresponds to U(1)
group embedded as the T3 generator of SU(2),
V2µ =
τ3
2
V 32µ, for i = 2. (II.5)
The violation of the global SU(2) invariance in Eq.(II.5)
causes an SU(2) violating one-loop divergence. We sub-
tract this divergence by introducing a counter term[67],
L′2 = β(2)
f22
4
tr
[
U †2 (DµU2)τ
3
]
tr
[
U †2 (D
µU2)τ
3
]
. (II.6)
The counter term Eq.(II.6) is of O(p2) in the usual chiral
perturbation order counting rule[64, 65]. This situation
is similar to the custodial SU(2) symmetry violation in
the electroweak chiral Lagrangian.[58, 59, 60, 61, 62, 63].
Other one-loop divergences arising from the lowest or-
der Lagrangian Eq.(II.1) are invariant under the global
SU(2) symmetry. In order to subtract these SU(2) in-
variant one-loop divergences, we introduce appropriate
3counter terms[67]1
L4 =
2∑
i=1
L(i)4 , (II.7)
with
L(i)4 = α(i)1tr
[
V(i−1)µνUiV
µν
i U
†
i
]
−2iα(i)2tr
[
(DµUi)
†(DνUi)V
µν
i
]
−2iα(i)3tr
[
V µν(i−1)(DµUi)(DνUi)
†
]
+α(i)4tr
[
(DµUi)(DνUi)
†
]
tr
[
(DµUi)(D
νUi)
†
]
+α(i)5tr
[
(DµUi)(D
µUi)
†
]
tr
[
(DνUi)(D
νUi)
†
]
.
(II.8)
These terms are of O(p4) in the conventional chiral per-
turbation order counting rule. Again, the situation is
similar to the electroweak chiral Lagrangian.
Reflecting its coarse deconstruction, the delay of uni-
tarity violation is shown to be modest in the lowest or-
der three site model Eq.(II.1): the unitarity in the elas-
tic WLWL scattering amplitude is violated at 2TeV for
f1 = f2 with this setup.[70] It is expected, however, if
the higher order operators Eq.(II.8) are included in the
analysis, unitarity may hold up to a higher energy scale.
B. Fermion sector above M
We next turn to the fermion sector. Quantum numbers
of quark/lepton fields are summarized in Table I. The
superscript n = 1, 2, 3 specifies the generation of quarks
and leptons. The chiralities are denoted by subscript L
and R. Fields qn,0L and ℓ
n,0
L , denoted as ψL0 in Figure 1,
live on the site 0 in the Moose diagram, while qn,1L,R and
ℓn,1L,R, denoted as ψL1 and ψR1 in Figure 1, are on the
site 1. The site 2 fermion field ψR2 denotes u
n,2
R , d
n,2
R
and en,2R . This model incorporates heavier KK-fermions
as well as the ordinary light quarks and leptons. The
kinetic term Lagrangian for these fermion fields is given
by
Lkinetic =
∑
i=0,1
∑
n
q¯n,iL i /Dq
n,i
L +
∑
n
q¯n,1R i /Dq
n,1
R
+
∑
n
u¯n,2R i /Du
n,2
R +
∑
n
d¯n,2R i /Dd
n,2
R
+
∑
i=0,1
∑
n
ℓ¯n,iL i /Dℓ
n,i
L +
∑
n
ℓ¯n,1R i /Dℓ
n,1
R
+
∑
n
e¯n,2R i /De
n,2
R . (II.9)
1 We assume here an approximate global SU(2) symmetry at the
cutoff scale. See Ref.[67] for a complete list of O(p4) counter
terms including SU(2) violating operators.
SU(3)c SU(2)0 SU(2)1 U(1)2
qn,0L 3 2 1 1/6
ℓn,0L 1 2 1 −1/2
qn,1L 3 1 2 1/6
ℓn,1L 1 1 2 −1/2
qn,1R 3 1 2 1/6
ℓn,1R 1 1 2 −1/2
un,2R 3 1 1 2/3
dn,2R 3 1 1 −1/3
en,2R 1 1 1 −1
TABLE I: Quantum numbers of quark/lepton fields. The
superscript n specifies the generation of quarks and leptons.
The chiralities are denoted by subscripts L and R.
Mass terms of these fermion fields are assumed to be
Lmass = −m1
∑
n
q¯n,0L U1q
n,1
R −m1
∑
n
ℓ¯n,0L U1ℓ
n,1
R
−M
∑
n
q¯n,1L q
n,1
R −M
∑
n
ℓ¯n,1L ℓ
n,1
R + h.c.,
(II.10)
and
L′mass = −m′tq¯3,1L U2Pt
(
t2R
b2R
)
+h.c., Pt ≡
(
1 0
0 0
)
,
(II.11)
with t2R and b
2
R being defined by
t2R ≡ u3,2R , b2R ≡ d3,2R . (II.12)
Here, for simplicity, we incorporate Yukawa coupling of
U2 only for the top quark. The other light quarks and
leptons thus remain massless in this setup. It is straight-
forward to obtain realistic masses of quarks and leptons
(and CKM mixings) by allowing more general Yukawa
couplings with U2, however. We also assumed m1 and
M are n-independent (generation independent). This en-
sures the suppression of FCNC through the GIM mech-
anism even when we introduce more general U2 Yukawa
couplings. We assumed m1 and M are quark-lepton uni-
versal. As we will discuss later, the ratio m1/M affects
the W couplings with ordinary light quarks and leptons.
The universal m1/M thus guarantees the quark-lepton
universality of the W couplings.
In order to renormalize the one loop divergences aris-
ing from the Yukawa couplings in Eq.(II.10), we need to
introduce
Lf = −x1
∑
n
q¯n,0L iγ
µ(DµU1)U
†
1q
n,0
L
−x1
∑
n
ℓ¯n,0L iγ
µ(DµU1)U
†
1 ℓ
n,0
L
+x˜1
∑
n
q¯n,1R iγ
µU †1 (DµU1)q
n,1
R
+x˜1
∑
n
ℓ¯n,1R iγ
µU †1 (DµU1)ℓ
n,1
R . (II.13)
4We also need to introduce
L′f = −x2q¯3,1L iγµ(DµU2)U †2q3,1L
−x23q¯3,1L iγµq3,1L tr
[
τ3U †2DµU2
]
+x˜2
(
t¯2R, b¯
2
R
)
iγµPtU
†
2 (DµU2)Pt
(
t2R
b2R
)
−∆Mtq¯3,1L U2PtU †2q3,1R
−∆Mtq¯3,1R U2PtU †2q3,1L , (II.14)
for the renormalization of the one loop divergences aris-
ing from the Yukawa coupling in Eq.(II.11).
C. Fermion sector below M
We assume
M ≫ m1,m′t. (II.15)
The KK fermion mass is well approximated by the Dirac
mass M in this limit. We see that the KK fermions are
largely made from qn,1L,R and ℓ
n,1
L,R. It is easy to integrate
out these KK fermion fields qn,1L,R and ℓ
n,1
L,R. The low en-
ergy effective theory below M is described by
Lmass = −mtq¯3,0L U1U2Pt
(
t2R
b2R
)
, (II.16)
Lf = −
∑
n
x1q¯
n,0
L i(DµU1)U
†
1γ
µqn,0L
−
∑
n
x1ℓ¯
n,0
L i(DµU1)U
†
1γ
µℓn,0L , (II.17)
and
L′f = x˜2
(
t¯2R, b¯
2
R
)
iγµPtU
†
2 (DµU2)Pt
(
t2R
b2R
)
(II.18)
in addition to the light fermion kinetic terms and the
gauge sector Lagrangians Eqs.(II.1), (II.6) and (II.8).
In order to renormalize the one-loop divergences aris-
ing from the fermion Lagrangian Eq.(II.17), we introduce
counter terms
f212
4
tr
[
(Dµ(U1U2))(D
µ(U1U2))
†
]
, (II.19)
and
−
∑
n
x′1q¯
n,0
L [D
ν(U1V1µνU
†
1 )]γ
µqn,0L
−
∑
n
x′1ℓ¯
n,0
L [D
ν(U1V1µνU
†
1 )]γ
µℓn,0L . (II.20)
At the scale µ =M , these parameters are determined as
f212(µ =M) ≃ 0, (II.21)
and
x′1(µ =M) ≃ 0. (II.22)
Note that the operator x′1 leads to non-trivial corrections
to the W ′ couplings with light fermions at the mass-shell
of the W ′ boson.
III. RENORMALIZATION GROUP EQUATIONS
We are now ready to discuss one-loop ultraviolet diver-
gences arising from the lowest order Lagrangian. Simi-
larly to the usual chiral perturbation theory[64, 65], these
divergences can be subtracted through the renormaliza-
tion of higher order counter terms. The renormalized
parameters then depend on a choice of the renormaliza-
tion scale µ. The renormalization group equations aris-
ing from the bosonic chiral loop corrections have already
been reported in Ref.[67]. In this section, we report our
newly derived results on the fermionic loop diagrams in
the three site Higgsless model, as well as the bosonic loop
diagrams.
A. Above KK fermion mass M
Performing the standard MS renormalization, we find
µ
d
dµ
f21 =
3
(4π)2
(g20 + g
2
1)f
2
1 −
1
2π2
Ng(Nc + 1)m
2
1,
(III.1)
µ
d
dµ
f22 =
3
(4π)2
(g21 +
1
2
g22)f
2
2 −
1
4π2
Ncm
′2
t , (III.2)
µ
d
dµ
(
β(2)f
2
2
)
=
3
4(4π)2
g22f
2
2 , (III.3)
for O(p2) parameters, and
µ
d
dµ
(
1
g20
)
=
1
(4π)2
[
44
3
− 1
6
− 2
3
Ng(Nc + 1)
]
,
(III.4)
µ
d
dµ
(
1
g21
)
=
1
(4π)2
[
44
3
− 2
6
− 4
3
Ng(Nc + 1)
]
,
(III.5)
µ
d
dµ
(
1
g22
)
=
1
(4π)2
[
− 1
6
− 4
3
Ng(
13
18
Nc +
5
2
)
]
,
(III.6)
µ
d
dµ
(
1
g2s
)
=
1
(4π)2
[
22− 16
3
Ng
]
, (III.7)
for gauge coupling strengths. Here Ng and Nc denote the
numbers of generations and colors, respectively,
Ng = 3, Nc = 3, (III.8)
and the SU(3)c gauge coupling is denoted by gs.
5We also obtain[67]
µ
d
dµ
α(i)1 =
1
6(4π)2
, (III.9)
µ
d
dµ
α(i)2 =
1
12(4π)2
, (III.10)
µ
d
dµ
α(i)3 =
1
12(4π)2
, (III.11)
µ
d
dµ
α(i)4 = −
1
6(4π)2
, (III.12)
µ
d
dµ
α(i)5 = −
1
12(4π)2
, (III.13)
for O(p4) terms. We assumed β(2) ≪ 1 in these expres-
sion. Effects of O(β(2)) are suppressed in the RHSs of
these renormalization group equations. The bosonic loop
terms in these expressions have already been reported in
Ref.[67]. The fermionic loop effects, proportional to Ng
and/or Nc, are newly derived in the present study.
The Dirac mass M , the Yukawa couplings m1 and m
′
t
also depend on the renormalization scale µ. For the third
generation quarks, we find
µ
d
dµ
m1 =
m1
(4π)2
[
−8g2s −
1
6
g22 − 3
m21
f21
]
, (III.14)
µ
d
dµ
M =
M
(4π)2
[
−8g2s −
9
2
g21 −
1
6
g22 +
3
2
m21
f21
+
m′2t
f22
]
,
(III.15)
µ
d
dµ
m′t =
m′t
(4π)2
[
−8g2s −
2
3
g22
]
. (III.16)
Combining Eq.(III.14) and Eq.(III.15), we obtain a
renormalization group equation for the ratio m1/M .
µ
d
dµ
(m1
M
)
=
1
(4π)2
m1
M
(
9
2
g21 −
9
2
m21
f21
− m
′2
t
f22
)
.
(III.17)
In a similar manner, we find
µ
d
dµ
m1 =
m1
(4π)2
[
−8g2s −
1
6
g22 − 3
m21
f21
]
, (III.18)
µ
d
dµ
M =
M
(4π)2
[
−8g2s −
9
2
g21 −
1
6
g22 +
3
2
m21
f21
]
,
(III.19)
for the first and second generation quark fields, and
µ
d
dµ
m1 =
m1
(4π)2
[
−3
2
g22 − 3
m21
f21
]
, (III.20)
µ
d
dµ
M =
M
(4π)2
[
−9
2
g21 −
3
2
g22 +
3
2
m21
f21
]
,
(III.21)
for lepton fields. Note that the renormalization group
equations of the lepton mass terms Eqs.(III.20), (III.21)
differ from those of the quark mass terms Eqs.(III.18),
(III.19). The renormalization group equation for the ra-
tio m1/M
µ
d
dµ
(m1
M
)
=
1
(4π)2
m1
M
(
9
2
g21 −
9
2
m21
f21
)
(III.22)
is, on the other hand, universal to all fermions other than
the third generation quarks. An implication of this fact
will be discussed in the next subsection.
We next summarize the renormalization group equa-
tions for the one-loop generated operators listed in
Eq.(II.13). We find
µ
d
dµ
x1 = − 1
(4π)2
m21
f21
, (III.23)
µ
d
dµ
x˜1 = − 1
(4π)2
m21
f21
. (III.24)
In a similar manner, the top quark Yukawa coupling m′t
generates
µ
d
dµ
x2 = − 1
2(4π)2
m′2t
f22
, (III.25)
µ
d
dµ
x23 = − 1
4(4π)2
m′2t
f22
, (III.26)
µ
d
dµ
x˜2 = − 1
(4π)2
m′2t
f22
, (III.27)
µ
d
dµ
(∆Mt) = − M
2(4π)2
m′2t
f22
, (III.28)
at the one loop level.
B. Matching at the KK fermion mass scale M
The effective theory parameters in Eqs.(II.16)–(II.18)
can be determined through the matching conditions at
the KK fermion mass scale M ,
x1(µ =M − 0) ≃ x1(µ =M + 0) + m
2
1
M2
∣∣∣∣
µ=M
, (III.29)
mt(µ =M) ≃ m1m
′
t
M
∣∣∣∣
µ=M
, (III.30)
and
x˜2(µ =M − 0) ≃ x˜2(µ =M + 0) + m
′2
t
M2
∣∣∣∣
µ=M
, (III.31)
at the tree level. Higher order corrections to Eqs.(III.29)
and (III.30) are suppressed by 1/(4π)2 or m21/M
2 and
thus irrelevant in the evaluation of αS and αT at the
O(10−3) level.
Note that the operator x1 affects the W and Z cou-
plings with light fermions. In order to guarantee univer-
sal W and Z couplings with light quarks and leptons, we
6thus need to arrange m1/M universal to fermion flavors
in Eq.(III.29). As we stressed in the previous subsection,
the same renormalization group equation Eq.(III.22) is
applied for the ratio m1/M to all fermion flavors other
than the third generation quarks. The universality of the
weak gauge boson couplings is therefore ensured once we
assume universal m1 and M at the cutoff scale. The
weak gauge boson couplings with the third generation
quarks such as the Zbb¯ vertex, on the other hand, may
be affected by the effects coming from the renormaliza-
tion group equation Eq.(III.17). We will study this effect
in a separated publication.
Loop level corrections to the matching conditions of
f21,2 and α(i)j are also suppressed by 1/(4π)
2, which can
be safely neglected in the evaluation of αS and αT . It is
easy to see that the matching conditions of f21,2 and α(i)j
are trivial at the tree level.
The matching condition of β(2) needs to be treated
more carefully. The one-loop corrected matching condi-
tion of β(2) is
β(2)f
2
2
∣∣
µ=M−0
= β(2)f
2
2
∣∣
µ=M+0
+
Nc
24π2
m′4t
M2
∣∣∣∣
µ=M
.
(III.32)
The non-trivial correction arises from the KK top-quark
loop diagram[56]. As we will see later, the large value of
m′t makes the one loop correction
Nc
24π2
m′4t
M2
(III.33)
important in the evaluation of αT at the O(10−3) level.
C. Below KK fermion mass M
Below the KK fermion mass scale M , the third gener-
ation quark fields couple with U1U2 through Eq.(II.16),
which causes non-trivial running of f212 as
µ
d
dµ
f212 = −
Nc
4π2
m2t , (III.34)
where we have neglected terms proportional to f212 in the
RHS of Eq.(III.34). This is justified so long as f212 ≪ m2t .
We also find
µ
d
dµ
x′1 = −
2
3(4π)2
x1
f21
. (III.35)
See Appendix.A for a derivation of Eq.(III.35).
The renormalization group equations of other O(p2)
coefficients are
µ
d
dµ
f21 =
3
(4π)2
(g20 + g
2
1)f
2
1 , (III.36)
µ
d
dµ
f22 =
3
(4π)2
(g21 +
1
2
g22)f
2
2 , (III.37)
µ
d
dµ
(
β(2)f
2
2
)
=
3
4(4π)2
g22f
2
2 . (III.38)
We also find the renormalization group equations for the
gauge coupling strengths,
µ
d
dµ
(
1
g20
)
=
1
(4π)2
[
44
3
− 1
6
− 2
3
Ng(Nc + 1)
]
,
(III.39)
µ
d
dµ
(
1
g21
)
=
1
(4π)2
[
44
3
− 2
6
]
, (III.40)
µ
d
dµ
(
1
g22
)
=
1
(4π)2
[
− 1
6
− 4
3
Ng(
11
18
Nc +
3
2
)
]
,
(III.41)
µ
d
dµ
(
1
g2s
)
=
1
(4π)2
[
22− 8
3
Ng
]
. (III.42)
The renormalization group equations for α(i)j are un-
changed, i.e., Eqs.(III.9)—(III.13) are valid below M as
long as f212 ≪ f21 , f22 . The renormalization group equa-
tion for the delocalization operator x1 is[67]
µ
d
dµ
x1 =
3g21
(4π)2
x1. (III.43)
IV. ELECTROWEAK CHIRAL LAGRANGIAN
Below the W ′ mass scale, phenomenology of the three
site Higgsless model can be described by the two-site
model, i.e., the electroweak chiral Lagrangian[58, 59, 60,
61, 62, 63],
L2 = f
2
4
tr
[
(DµU)
†(DµU)
]− 1
2g2W
tr [WµνW
µν ]
− 1
2g2Y
tr [BµνB
µν ] . (IV.1)
where
DµU = ∂µU + iWµU − iUBµ, U ≡ U1U2. (IV.2)
There also exists a custodial symmetry violating O(p2)
operator
L′2 = β
f2
4
tr
[
U †(DµU)τ
3
]
tr
[
U †(DµU)τ3
]
. (IV.3)
O(p4) operators
L4 = α1tr
[
WµνUB
µνU †
]
−2iα2tr
[
(DµU)
†(DνU)Bµν
]
−2iα3tr
[
Wµν(DµU)(DνU)
†
]
+α4tr
[
(DµU)(DνU)
†
]
tr
[
(DµU)(DνU)†
]
+α5tr
[
(DµU)(D
µU)†
]
tr
[
(DνU)(D
νU)†
]
(IV.4)
are also introduced in the two-site model.
7Using the technique described in Ref.[67], we find
matching conditions,
f2 ≃ f
2
1 f
2
2
f21 + f
2
2
+ f212, (IV.5)
βf2 ≃ β(2)
f41 f
2
2
(f21 + f
2
2 )
2
, (IV.6)
1
g2W
≃ 1
g20
, (IV.7)
1
g2Y
≃ 1
g22
, (IV.8)
and
α1 ≃ − 1
g21
f21 f
2
2
(f21 + f
2
2 )
2
+
(
α(1)1 +
x1
g20
)
f22
f21 + f
2
2
+α(2)1
f21
f21 + f
2
2
, (IV.9)
at the scale
µ =MW ′ ≃ g1
√
f21 + f
2
2
2
. (IV.10)
We next consider the renormalization group flow in the
two-site model. The renormalization group equations of
the two-site model are given by
µ
d
dµ
f2 =
3
(4π)2
(g2W +
1
2
g2Y )f
2 − 1
4π2
Ncm
2
t ,
(IV.11)
µ
d
dµ
(
βf2
)
=
3
4(4π)2
g2Y f
2, (IV.12)
µ
d
dµ
(
1
g2W
)
=
1
(4π)2
[
44
3
− 1
6
− 2
3
Ng(Nc + 1)
]
,
(IV.13)
µ
d
dµ
(
1
g2Y
)
=
1
(4π)2
[
− 1
6
− 4
3
Ng(
11
18
Nc +
3
2
)
]
,
(IV.14)
and
µ
d
dµ
α1 =
1
6(4π)2
, (IV.15)
µ
d
dµ
α2 =
1
12(4π)2
, (IV.16)
µ
d
dµ
α3 =
1
12(4π)2
, (IV.17)
µ
d
dµ
α4 = − 1
6(4π)2
, (IV.18)
µ
d
dµ
α5 = − 1
12(4π)2
. (IV.19)
V. S AND T PARAMETERS
We are now ready to evaluate S and T parameters
in the three site Higgsless model. These parameters are
defined as the deviations from the standard model,
αS ≡ −16πα [α1(µ)− αSM1 (µ)] , (V.1)
αT ≡ 2 [β(µ)− βSM(µ)] , (V.2)
with αSM1 (µ), β
SM(µ) being the low energy chiral coeffi-
cients of the “reference” standard model with a “refer-
ence” heavy Higgs boson mass MH,ref ,
αSM1 (µ) =
1
6(4π)2
ln
µ
MH,ref
, (V.3)
βSM(µ) =
3
4
g2Y
(4π)2
ln
µ
MH,ref
. (V.4)
The running of α1 is described by Eq.(IV.15). We readily
find
α1(µ) = α1(MW ′) +
1
6(4π)2
ln
µ
MW ′
. (V.5)
Combining this expression with Eq.(V.1) and Eq.(V.3),
we obtain
S = −16πα1(MW ′) + 1
6π
ln
MW ′
MH,ref
. (V.6)
We next turn to the T parameter. Eq.(IV.12) reads
µ
d
dµ
β =
3
4(4π)2
g2Y − β
1
f2
µ
d
dµ
f2. (V.7)
Note that
β ≪ 1, 1
f2
µ
d
dµ
f2 ≪ 1. (V.8)
The second term in the RHS of Eq.(V.7) can thus be
neglected safely. We then obtain
β(µ) = β(MW ′) +
3
4
g2Y
(4π)2
ln
µ
MW ′
, (V.9)
and thus
T =
2
α
β(µ =MW ′)− 3
8πc2
ln
MW ′
MH,ref
. (V.10)
We next use the matching conditions Eq.(IV.6) and
Eq.(IV.9), and obtain
S =
16πκ
(1 + κ)2
[
1
g21
− x1
g20
(1 + κ)
]∣∣∣∣
µ=MW ′
− 16π
1 + κ
(
κα(1)1 + α(2)1
)∣∣∣∣
µ=MW ′
+
1
6π
ln
MW ′
MH,ref
,
(V.11)
T =
1
α
2
1 + κ
β(2)
∣∣∣∣
µ=MW ′
− 3
8πc2
ln
MW ′
MH,ref
, (V.12)
8with κ being defined as
κ ≡ f
2
2
f21
∣∣∣∣
µ=MW ′
. (V.13)
Assuming f212 ≪ f21 , f22 , Eq.(IV.5) leads
1
f21
≃ κ
1 + κ
1
f2
,
1
f22
≃ 1
1 + κ
1
f2
. (V.14)
In Eqs.(V.11) and (V.12), g0, g1, x1, α(1)1 and α(2)1 are
renormalized at the scale
µ =MW ′ = g1
√
f21 + f
2
2
2
≃ g1f 1 + κ
2
√
κ
, (V.15)
with f being the electroweak scale f ≃ 250GeV.
It is possible to express these S and T formulas in
terms of the parameters renormalized at the KK fermion
mass scale M . Using the renormalization group equa-
tions given in Section III.C, we obtain
S =
16πκ
(1 + κ)2
[
1
g21
− x1
g20
(1 + κ)
]∣∣∣∣
µ=M
− 16π
1 + κ
(
κα(1)1 + α(2)1
)∣∣∣∣
µ=M
+
1
6π
ln
MW ′
MH,ref
− 1
6π
ln
MW ′
M
+
43κ
3(1 + κ)2π
ln
MW ′
M
− 3κ
(1 + κ)π
g21
g20
x1 ln
MW ′
M
, (V.16)
T =
1
α
2
1 + κ
β(2)
∣∣∣∣
µ=M−0
− 3
8πc2
ln
MW ′
MH,ref
+
3
8π(1 + κ)c2
ln
MW ′
M
, (V.17)
at the one loop level. We have neglected running of the
weak gauge coupling constant g0 in these formulas. Tak-
ing κ = 1, we find
S = 4π
[
1
g21
− 2x1
g20
]∣∣∣∣
µ=M
−8π (α(1)1 + α(2)1)∣∣µ=M + 16π ln MW ′MH,ref
+
41
12π
ln
MW ′
M
− 3
2π
g21
g20
x1 ln
MW ′
M
, (V.18)
T =
1
α
β(2)
∣∣∣∣
µ=M−0
− 3
8πc2
ln
MW ′
MH,ref
+
3
16πc2
ln
MW ′
M
. (V.19)
We now compare Eqs.(V.18) and (V.19) with those
given in Refs.[66, 67]. Note that the effective theory used
in Refs.[66, 67] does not include the KK fermion. This
theory is therefore valid only below the KK fermion mass
scale M . The cutoff scale used in Refs.[66, 67] should
then be regarded as the KK fermion mass scale M . It
is easy to see that Eqs.(V.18) and (V.19) correspond ex-
actly to those found in Refs.[66, 67].
Note that Eqs.(V.18) and (V.19) are written in terms
of the parameters renormalized at the KK fermion mass
scale. These parameters are not directly related with the
on-shell observables, however. In order to perform a more
sensible phenomenological fit, we next express S and T
in terms of on-shell observables.
We first consider the S parameter. In order to deter-
mine the value x1(µ =MW ′) in Eq.(V.11), we use
gW ′ff =
g20g1
1 + κ
[
− 1
g21
+
x1
g20
(1 + κ)
]∣∣∣∣
µ=MW ′
+g1x
′
1(MW ′)M
2
W ′ , (V.20)
with gW ′ff being the on-shell W
′ couplings with mass-
less quarks and leptons. Here x′1 is defined in Eq.(II.20).
From Eq.(II.22) and Eq.(III.35), we see that x′1 can be
written in terms of x1,
x′1(µ =MW ′) = −
1
3(4π)2
x1
f21
ln
M2W ′
M2
. (V.21)
Note here that the operator x′1 makes non-trivial correc-
tion to the on-shell gW ′ff couplings. Due to the large
value of MW ′ , the effect from x
′
1 turns out to be numer-
ically significant.
Note that the delocalization coefficient x1 can always
be tuned[49, 71] so as to minimize the S parameter in
Eq.(V.11). Phenomenologically we know
S <∼ 0.1 (V.22)
and thus
x1(MW ′) ≃ 1
1 + κ
g20
g21
∣∣∣∣
µ=MW ′
. (V.23)
This allows us to expand x1 around Eq.(V.23). Eq.(V.20)
then gives
x1
g20
∣∣∣∣
µ=MW ′
=
1
1 + κ
1
g21
∣∣∣∣
µ=MW ′
+
gW ′ff
g20g1
+
κ
3(1 + κ)2(4π)2
ln
M2W ′
M2
+ · · · .
(V.24)
Combining Eqs.(V.11), (V.21) and (V.24), we obtain
S = −4√κs
2
α
MW
MW ′
gW ′ff
gW
− 16π
1 + κ
(
κα(1)1 + α(2)1
)∣∣∣∣
µ=MW ′
− κ
2
(1 + κ)3
1
3π
ln
M2W ′
M2
+
1
12π
ln
M2W ′
M2H,ref
,
(V.25)
9with
s2 ≡ e
2
g2W
. (V.26)
Here we neglected (4π)−2gW ′ff ln(MW /MW ′) correc-
tions. We also used the tree level formula
g0
g1
=
1 + κ√
κ
MW
MW ′
. (V.27)
We next use the renormalization group equations
Eq.(III.9) in order to evaluate
(
κα(1)1 + α(2)1
)∣∣
µ=MW ′
in Eq.(V.25). We obtain
S = −4√κs
2
α
MW
MW ′
gW ′ff
gW
− 16π
1 + κ
(
κα(1)1 + α(2)1
)∣∣∣∣
µ=Λ
− κ
2
(1 + κ)3
1
3π
ln
M2W ′
M2
+
1
12π
ln
Λ2
M2H,ref
.
(V.28)
We next turn to the T parameter formula Eq.(V.12).
Using the renormalization group equations Eqs.(III.3),
(III.38) and the matching condition Eq.(III.32), we find
β(2)(MW ′) in Eq.(V.12) can be expressed as
β(2)(MW ′) = β(2)(Λ)+
3g22
8(4π)2
ln
M2W ′
Λ2
+
Nc
24π2
1
f22
m′4t
M2
∣∣∣∣
µ=M
.
(V.29)
Combining Eq.(III.29) and Eq.(III.30), we see
m′4t
M2
∣∣∣∣
µ=M
=
m4t
M2
1
x21
∣∣∣∣
µ=M
. (V.30)
For the one loop evaluation of β(2), it is enough to eval-
uate x1 and mt at tree level. We use the value of x1
renormalized at the MW ′ scale
x1(M) ≃ x1(MW ′). (V.31)
We thus find
m′4t
M2
∣∣∣∣
µ=M
≃ (1 + κ)2 g
4
1
g40
m4t
M2
[
1 + (1 + κ)
g1
g0
gW ′ff
g0
]−2
,
(V.32)
where we used the first two leading terms in Eq.(V.24) for
the evaluation of x1. Putting Eq.(V.27) into Eq.(V.32)
we see
m′4t
M2
∣∣∣∣
µ=M
≃ κ
2
(1 + κ)2
M4W ′
M4W
m4t
M2
[
1 +
√
κ
MW ′
MW
gW ′ff
gW
]−2
,
(V.33)
and thus
β(2)(MW ′) ≃ β(2)(Λ) +
3α
32πc2
ln
M2W ′
Λ2
+
Nc
24π2
κ2
(1 + κ)3
1
f2
M4W ′
M4W
m4t
M2
×
×
[
1 +
√
κ
MW ′
MW
gW ′ff
gW
]−2
.
(V.34)
Putting Eq.(V.34) into Eq.(V.12), we reach an expression
for T ,
T =
2
α
1
1 + κ
β(2)(Λ)−
1
1 + κ
3
16πc2
ln
Λ2
M2W ′
− 3
16πc2
ln
M2W ′
M2H,ref
+
Nc
12π2α
κ2
(1 + κ)4
1
f2
M4W ′
M4W
m4t
M2
×
×
[
1 +
√
κ
MW ′
MW
gW ′ff
gW
]−2
. (V.35)
VI. COMPARISON WITH ELECTROWEAK FIT
Now we have formulas both for S and T parameters
Eq.(V.28) and Eq.(V.35). In this section, we assume
κ = 1, (VI.1)
and
α(1)1(Λ) = α(2)1(Λ) = 0, β(2)(Λ) = 0, (VI.2)
in Eq.(V.28) and Eq.(V.35). The assumption Eq.(VI.1)
maximizes the scale of unitarity violation. Eq.(VI.2) is
justified if the physics above the cutoff scale Λ does not
affect much to these oblique parameters S and T . These
assumptions lead to
S = −4s
2
α
MW
MW ′
gW ′ff
gW
− 1
24π
ln
M2W ′
M2
+
1
12π
ln
Λ2
M2H,ref
, (VI.3)
T = − 3
32πc2
ln
Λ2
M2W ′
− 3
16πc2
ln
M2W ′
M2H,ref
+
Nc
192πs2
M4W ′
M6W
m4t
M2
[
1 +
MW ′
MW
gW ′ff
gW
]−2
.
(VI.4)
Note that these expressions are written in terms of physi-
cal observables, such asMW ′ , gW ′ff and the KK fermion
mass M , except for the cutoff scale Λ. Note also that
the cutoff scale Λ should be below the naive dimensional
analysis (NDA)[72] scale 4πf1 = 4πf2 ≃ 4.3TeV.
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FIG. 2: Phenomenologically acceptable area in the
(gW ′ff/gW ,M) plane. MW ′ = 380GeV is assumed. The re-
gion surrounded by the solid (dashed) curve satisfies the 95%
CL constraint for cutoff Λ = 4.3TeV (3.0TeV).
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FIG. 3: Phenomenologically acceptable area in the
(gW ′ff/gW ,M) plane. MW ′ = 500GeV is assumed. The re-
gion surrounded by the solid (dashed) curve satisfies the 95%
CL constraint for cutoff Λ = 4.3TeV (3.0TeV).
We compare these results with values of S and T ex-
tracted from the precision electroweak fit,
S = −0.21± 0.09, (VI.5)
T = 0.21± 0.09. (VI.6)
The central values of Eqs.(VI.5), (VI.6) are for a “refer-
ence” Higgs boson mass MH,ref = 1TeV, and are taken
from Figure 10.4 in Ref.[75]. Note that there exists strong
error correlation between S and T ,
ρST = 0.84. (VI.7)
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FIG. 4: Phenomenologically acceptable area in the
(gW ′ff/gW ,M) plane. MW ′ = 600GeV is assumed. The re-
gion surrounded by the solid (dashed) curve satisfies the 95%
CL constraint for cutoff Λ = 4.3TeV (3.0TeV).
The 95% CL allowed region in the (S, T ) plane is then
given by
(S − S0)2
σ2S
+
(T − T0)2
σ2T
− 2ρST S − S0
σS
T − T0
σT
< 5.99× (1 − ρ2ST ), (VI.8)
with S0 = −0.21, T0 = 0.21, σS = 0.09, σT = 0.09.
For fixed MW ′ and Λ, we now obtain bounds on gW ′ff
and M from the constraint in the (S,T ) plane. The al-
lowed regions satisfying the 95% CL constraint Eq.(VI.8)
are depicted in Figure 2 in the (gW ′ff/gW ,M) plane for
MW ′ = 380GeV. In the plot we used α
−1 = 128.91,GF =
1/(
√
2f2) = 1.16637× 10−5GeV−2, s2 = 1− c2 = 0.231,
and mt = 174.2GeV.
The region surrounded by the solid (dashed) curve sat-
isfies the 95% CL constraint Eq.(VI.8) for cutoff Λ =
4.3TeV (3.0TeV). We emphasize that theW ′ boson needs
to have non-zero gW ′ff in order to satisfy the precision
electroweak constraints. This is in sharp contrast to the
tree level analysis[56], where the ideal delocalization[51]
implies completely fermiophobic W ′. The KK fermion
mass is also severely constrained. We find M >∼ 1.8TeV
for MW ′ = 380GeV and Λ = 4.3TeV. The change of the
cutoff assumption to Λ = 3.0TeV affects little in Fig-
ure 2. The dependence on the cutoff assumption is not
significant in this numerical analysis.
Figures 3 and 4 show similar plots for MW ′ = 500GeV
and for 600GeV. We see the KK fermion lower mass
bound becomes much severer for heavier MW ′ . This
severe constraint on M essentially comes from the T
parameter constraint through the KK top-quark loop
effect[56]. Figure 5 shows the bound on the KK fermion
mass M as functions of MW ′ . Here gW ′ff is tuned so as
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to maximize the likelihood in the fit. Again, we find the
cutoff dependence is rather small.
We now turn to the bounds on MW ′ . As shown in
Ref.[56], the LEP-II triple gauge vertex bound gives a
lower bound on the W ′ mass
MW ′ > 380GeV. (VI.9)
As depicted in Figure 5, the lower bound on the KK
fermion mass M increases monotonically for increasing
MW ′ . In order to keep our effective theory analysis sen-
sible, we need to require
M < Λ. (VI.10)
The requirement Eq.(VI.10), combined with Figure 5,
leads to upper bounds on the W ′ boson mass
MW ′ < 610GeV (VI.11)
for Λ = 4.3TeV, and
MW ′ < 490GeV (VI.12)
for Λ = 3.0TeV.
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FIG. 5: Phenomenologically acceptable values of MW ′ and
M . The area above the curve satisfies 95% CL constraint in
the (S, T ) plane. The W ′ff coupling gW ′ff is assumed to be
tuned so as to maximize the likelihood. The solid curve is for
Λ = 4.3TeV, and dashed for Λ = 3.0TeV.
VII. CONCLUSIONS
Does the three site Higgsless model survive the elec-
troweak precision tests at loop? In this paper, we have
positively answered to this question, explicitly showing
that there exists a parameter region in which both S and
T are consistent with the present bounds. We have ob-
tained compact formulas for S and T at the one loop
level, written in terms of physical observables such as
the KK gauge boson mass MW ′ , the KK fermion mass
M , and the W ′ couplings with light quarks and leptons
gW ′ff . It has been shown, however, that the W
′ff cou-
plings and the KK fermion mass M are severely con-
strained. Especially, unlike the tree level analysis on
the ideally delocalized fermion, it has been shown that
perfectly fermiophobic W ′ is inconsistent with the elec-
troweak fit. Small but non-zero value of gW ′ff is re-
quired.
So far, collider phenomenology of Higgsless W ′ bosons
has been analyzed assuming perfectly fermiophobic
W ′ [73, 74].2 We found small gW ′ff of order 1 × 10−2
– 3 × 10−2 of gW is required to be consistent with the
precision electroweak data. Note that such a W ′ boson
is still effectively fermiophobic at the Tevatron collider.
Actually, the production cross section σ(qq¯ → W ′) is
suppressed 1×10−4 — 1×10−3 compared with aW ′ bo-
son having the standard model coupling strength. The
existing direct search limit on W ′ from the Tevatron[79]
cannot be applied for such an effectively fermiophobic
W ′. Nevertheless, it should be interesting to investigate
the LHC sensitivity toward such a small gW ′ff coupling.
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APPENDIX A: DERIVATION OF EQ.(III.35)
The gauge field V µ0 interacts with the non-linear sigma
model field U1. Extracting the interaction term from the
lowest order chiral Lagrangian, we find
f21
4
tr
[
(DµU1)
†(DµU1)
]∣∣∣∣
V µ
0
= −f
2
1
4
V aµ0 tr
[
τai(∂µU1)
†U1
]
.
(A.1)
The delocalization operator Eq.(II.17) leads to the
Nambu-Goldstone boson interaction with the fermion
currents as
−
∑
n
x1
2
q¯n,0L τ
aγµqn,0L tr
[
τai(∂µU1)
†U1
]
−
∑
n
x1
2
ℓ¯n,0L τ
aγµℓn,0L tr
[
τai(∂µU1)
†U1
]
. (A.2)
2 Very recently, a possibility of non-fermiophobic W ′ is pointed
out in the context of four-site Higgsless models[76, 77, 78].
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Comparing Eq.(A.1) with Eq.(A.2), we see the delocal-
ization operator x1 can be absorbed into the redefinition
of V a0µ,
V˜ a0µ ≡ V a0µ+2
x1
f21
(∑
n
q¯n,0L γµτ
aqn,0L +
∑
n
ℓ¯n,0L γµτ
aℓn,0L
)
,
(A.3)
in the Nambu-Goldstone boson field interaction. In
Ref.[67], the authors found that the Nambu-Goldstone
boson loop gives rise to a divergence of
−1
6(4π)2ǫ¯
tr
[
V0µνU1V
µν
1 U
†
1
]
,
1
ǫ¯
≡ Γ(2− d/2)
2(4π)d/2−2
.
(A.4)
The divergence factor in Eq.(A.4) can also be read from
the renormalization group coefficient in Eq.(III.9). The
divergence arising from x1 can be obtained by replacing
V0µν → V˜0µν = V0µν + x1
f21
∑
n
τb
{
∂µ(q¯
n,0
L γντ
bqn,0L )
−∂ν(q¯n,0L γµτbqn,0L ) + (lepton part)
}
,
(A.5)
in Eq.(A.4). Dropping the total derivative terms, we then
find the x1-proportional part of the divergence,
−1
6(4π)2ǫ¯
tr
[
V˜0µνU1V
µν
1 U
†
1
]∣∣∣∣
x1
= − 1
3(4π)2ǫ¯
x1
f21
∑
n
tr
[
∂µ(q¯
n,0
L γντ
bqn,0L )τ
bU1V
µν
1 U
†
1
+(lepton part)
]
= − 2
3(4π)2ǫ¯
x1
f21
∑
n
{
q¯n,0L γ
µDν(U1V1µνU
†
1 )q
n,0
L
+(lepton part)
}
. (A.6)
It is now straightforward to obtain the renormalization
group equation Eq.(III.35).
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